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Abstract: Electron microscopy provides images of macromolecular mleres from

which the 3-D structure of the complex can be computed whénnsiances of a com-
plex are identical. An algorithm for characterizing the 3spatial statistics of the complex
is described and demonstrated for the important case wiffenatit instances are not identical.
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1. Introduction

Biology includes many macromolecular complexes in the singe of roughly 18-10> nanometers, such as viruses,
chaperonins, ribosomes, apoptosomes, transcriptioarfl&l, etc. These nanoscale machines typically self assemble
and have a variety of “stages” in their existence. They sonest have variable stoichiometry of their chemical con-
stituents. They typically are subject to motions and thesetans are central to the functioning of the machine, such
as a ribosome moving down a mRNA molecule as the triplets oNARases are translated into amino acids in the
growing peptide polymer.

Electron microscopy, especially in the form of single-fet cryo electron microscopy (cryo EM), is transforming
structural biology, i.e., the study of the geometry of thecroanolecular constituents and how the geometry influences
the function of the machine. In these experiments, ind@idiwmplexes (often described as “particles”) are imaged,
so the ability to create a crystal (2-D or 3-D) is not requirgddually the images are recorded from unstained particles
in order to minimize distortion so contrast is low. The imageoughly a tomographic projection of the particle’s
electron scattering intensity along the optical axis ofrtfieroscope. The fact that the electron beam rapidly damages
the particle has several implications. (1) The beam cuisaminimized leading to images with SNR substantially less
than one. (2) The experiment is done at cryogenic tempasiarorder to minimize the damage and the freezing is
done at a fast rate in order to create vitreous solid watberahan ice since the increase in volume from liquid water to
ice would tear apart the particles. (3) Only one image isrigler particle so a 3-D reconstruction requires combining
information from many patrticles. In many experiments it@ possible to have any control over the orientation of the
particle as it is placed in the microscope. Furthermore piber SNR makes it difficult to determine the orientation
from the image. Therefore, reconstruction generally imgslboth determination of the projection orientation ofteac
image as well as the 3-D structure of the particle.

The standard assumption is that the particles are esdgntiahtical, or at worst come from a few classes of
particle and each particle in a class is essentially idehtand we describe this situation as a homogeneous ensemble
However, when different particles have variable stoichétnypor when motion is important, then there are differences
between particles even within a single particle class, aedi@scribe this situation as a heterogeneous ensemble and
characterizing the heterogeneity is important for underding the functioning of the particle. A statistical podft
view for characterizing heterogeneity has been develofédvhich has many attractive properties relative to the
primary alternative which is a resampling method [2] andent work is described.

2. Statistical image processing
For a wide range of resolution, the ideal image is a lineaction of the 3-D electron scattering intensity of the pdetic

which is described as a linear combination of known basistfans. Therefore, if; is theith noise-free image arrayed
as a vector and the weights in the linear combination forithémage are the vectay then there is a matrik (6)
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where6, describes the projection orientation (e.g., Euler anglash thatz; = L(6)c;. The first source of uncertainty

in the image ;. The second source of uncertainty is pixel noise which idetuelectron counting noise (the typical
dose is tens of electrons per pixel) but also includes mamgratauses such as variability in the ice. In order to arrive
at a computable solution, we have used an additive zero-mbae Gaussian noise model where the noise variance is
Q. The third source of uncertainty (our primary innovatiog}he description of particle heterogeneity by describing
¢ as ani.i.d. realization of a Gaussian random vector witmomkn mean vector™ and unknown covariance matrix
V'l wheren; is a discrete random variable that is the class oftinénage. The fourth source of uncertaintyis Let

yi be the experimental image arrayed as a vector. Thenz, +w; = L(6)c +w; wherew; is theith realization of the
pixel noise and the goal of reconstruction calculations ddterminec andV from a collection ofy; (i € {1,...,Ny}).

If y; = ¢ and the goal is to determir@ andV' from a collection ofy; by maximum likelihood (ML) estimation
then there is a standard expectation-maximization algorii3] which uses); as the so-called nuisance parameters.
Our work is a generalization of this algorithm. In partiaulne nuisance parameter is n¢#, n;), there is a linear
transformatiorL, and there is an additive noige. One point of view on this generalization is that we are afttng
to partition the variability in the images among multipleustes: orientation ), class i), pixel noise {;), and
heterogeneityq). In this point of view, one would expect that it is necesdargstimate the pdf ofi;, g; (the pmf on
ni), Q (the variance o), andc™ andV" (the mean and covariance®j even though onlgTandV'" are of biological
interest. While we have an algorithm capable of doing all &f,tim our calculations to date it has not been necessary
to estimate the pdf o}, possibly because the virus particles we have worked withagiproximately spherical in
shape so that assuming a uniform pdfépni.e., Haar measure on $Qs an sufficiently accurate approximation.

3. Statisticswith symmetry, under standing the reconstruction, and parallel computing

Some particles (many viruses) have symmetry. For a paatialass, lep(x) be the electron scattering intensity as a
function of 3-D coordinates in real space anBs (B € {1,...,Ng}) be the set of 3 3 orthonormal rotation matrices
that describe the symmetry. In a homogeneous ensemble, slyynofip meanso(x) = p(nglx) for B e {1,...,Ng}.
This requirement can be built into the basis functions byosiy functions that transform as the identity represen-
tation of the symmetry group. In a heterogeneous ensempbie random with meam(x) and correlation function
rp(X1.X2) and symmetry op meansp(x) = p(Rg™x) andrp(x1,x2) = rp(Rg*x1,R;'x2) both for 8 € {1,...,Ng}.
This is a more complicated situation and requires basigimng that transform as all irreducible representatiorthef
symmetry group and requires a structuréandowever, if the biology questions can be answered by theesparying
variance ofo alone, i.e.s(x) = rp(x,x), then the situation is simpler. In particulafx) = S(Rﬁlx) forBe{1,...,Ng}

so using only basis functions that transform as the idemépresentation of the symmetry group will achieve the
necessary symmetry.

The correlation functiom,(x1,X2) is a large amount of information because it depends er82-= 6 independent
variables. Rather than visualizg, we are attempting to understargloy computing mathematical mechanical models
such that the equilibrium statistical mechanics correfatiunction of the model matches the correlation function
estimated from the image data and then computing propdgieh as normal modes) of the mechanical model.

High spatial resolution is always a goal in structural biplcat least to the order offeresolution. Such goals, not yet
achieved since current high resolution homogeneous récmtisns are at approximately3dresolution, require large
numbers of images and basis functions and therefore suiladtemmputation. The algorithm’s primary calculation is
integration over the nuisance parameters. There are dttlgapportunities for parallelism: partition the regiof o
integration and integrate over subregions in parallel ¢lths in our current software) and partition the set of images
and compute in parallel on different subsets. Some of theutaions, such as evaluation of basis functions, appear
to be ideally suited for general purpose GPUs. Current sofivdevelopment focuses on incorporation of parallelism
at the multicore, GPU, and multi compute node levels via C+3penMP, CUDA, and MPI in an effort to take
advantage of all opportunities that may be available in @usemputing system.
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